
p

I.
II. (hyperbolically ordinary) locus Frobenius

III. Frobenius Kähler
IV.
V.

I

(A.) Riemann X Riemann g r
X X

X̃ → X X (⇐⇒ 2g − 2 + r ≥ 1) Köbe

X̃ ∼= H

H
p

(B.) X X̃ ∼= H
H ⊆ P1

C P1
C H

X U ⊆ X̃
X S ⊆ OX

X (canonical projective
structure)

S ⊆ OX

S,S′ ⊆ OX f ∈ S, z ∈ S′ f = f(z)

(dSchf(z)) · (dz)⊗2

dSch Schwarz S, S′

S S′ X
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H1(X, ω2
X) (= 0 if 2g − 2 + r ≥ 1)

H0(X, ω2
X) torsor

(C.) (indigenous bundle)
X̃ ∼= H π1(X)

π1(X) → PSL2(R) monodromy X̃ × P1
C π1(X)

P → X X P1-bundle π1(X) P1
C

X̃ P1-bundle ∇P

X̃ → X̃ × H ↪→ X̃ × P1
C π1(X) σ : X → P

∇P ∇P (σ) : τX → τσ
def= σ∗τP/X Kodaira-Spencer

X̃ → P1
C ∇P (σ)

(P → X,∇P , σ : P → X) X
(P → X,∇P , σ) σ Kodaira-Spencer

P1-bundle (indigenous bundle)
(Hodge section ) σ σ

Serre GAGA
X X

X H0(X, ω2
X)

torsor

Sg,r → Mg,r

Mg,r C moduli stack ΩMg,r/C

torsor torsor Schwarz torsor

ηg,r ∈ H1(Mg,r, ΩMg,r/C)

Schwarz class
Schwarz torsor sH :

Mg,r → Sg,r

Remark: π : P → X P1-bundle Ad(P ) def= π∗τP/X τP/X P X rel-
ative tangent bundle Lie X rank 3

P1-bundle Ad(P )

(D.) Kähler sH ∂sH

Ω
log

Mg,r/C ⊗ ΩMg,r/C Mg,r μWP μWP

μWP Mg,r Kähler Weil-Petersson
Kähler

Kähler
Mg,r Mg,r → Mg,r Teichmüller

μWP [X ] ∈ Mg,r(C)
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Mg,r ↪→ H0(X, ω2
X)c

“c” affine
Teichmüller Bers

H Poincaré

dx ∧ dy

y2

Kähler X̃ X X
μX μX S ⊆ OX

μX X
μX vX

θ, ψ ∈ H0(X, ω2
X) �→

∫
X

θ · ψ
vX

∈ C

Mg,r μWP

(E.) C X̃ ∼= H
Sg,r → Mg,r sH μWP μX

Z Schwarz tor-
sor ηg,r Z

(Sg,r)Z → (Mg,r)Z

C

(*) (ηg,r)Z sH

p
(ηg,r)Z (arithmetic resolution)

II (hyperbolically ordinary) locus Frobenius

(A.) crystal Slog p noetherian fine formal log scheme
f log : X log → Slog Slog stable log-curve “log”

X log (P → X,∇P )
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Crys(X log
Fp

/Slog) crystalline site P1-bundle crys-
tal crystal (P,∇P )

crystal Frobenius
Frobenius

Φlog
S : Slog → Slog

mod p reduction Frobenius S
Witt Spec Φlog

S (P,∇P )
Φlog

S Crys((X log
Fp

)F /Slog) Frobenius

Φlog
X/S : X log

Fp
→ (X log

Fp
)F

Φlog
S Crys(X log

Fp
/Slog)

crystal Φ∗(P,∇P ) crystal Φ∗(P,∇P ) (P,∇P ) Φlog
S

naive Frobenius

(B.) (renormalized) Frobenius (A.) naive Frobenius
Frobenius
C

sH p

C

C monodromy PGL2 R−
p monodromy PGL2 Zp−

monodromy
monodromy PGL2 Zp− mon-

odromy

(*) (P,∇P ) Frobenius

Frobenius
Slog = Spec(Zp) X log = Mlog

1,0

moduli stack (P,∇P ) de Rham cohomol-
ogy P1-bundle ∇P Gauss-Manin
Hodge section de Rham cohomology Hodge filtration section

(P,∇P ) I. (C.)

Frobenius Φ∗(P,∇P )
Qp tensor (P,∇P ) Zp

Φ∗(P,∇P ) (integral structure) Hodge section
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naive Frobenius Hodge section
X log (P,∇P )

crystal Frobenius

F∗(P,∇P )

X log = Mlog

1,0 (P,∇P ) Frobenius

(P,∇P ) ∼= F∗(P,∇P )

(P,∇P ) Frobenius

(C.) p p− (C.) Slog p scheme
(P,∇P ) p− p− P

f∗(Ad(P ) ⊗OX
Φ∗

XωXlog/Slog)

Φlog
X : X log → X log X log Frobenius Slog

horizontal section (B.) Frobenius
mod p reduction p−

Killing

< −,− >: Ad(P ) ⊗OX
Ad(P ) → OX

P P

< P,P > ∈ Γ(S, f∗ω2
Xlog/Slog)

p−
(admissible indigenous bundle) p−

(nilpotent indigenous bundle) Frobenius Zp

mod p reduction

(*)

Φ∗Ωlog

Mg,r/Fp
Mg,r rank 3g−3+r

Qg,r → Mg,r p
p−

Vg,r : Sg,r → Qg,r

Mg,r Verschiebung Qg,r zero sec-
tion Verschiebung N g,r ⊆ Mg,r
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N g,r moduli
stack

Vg,r p3g−3+r

N g,r → Mg,r

N g,r Fp proper
N adm

g,r ⊆ N g,r locus N adm

g,r Mg,r

N ord

g,r ⊆ N g,r Mg,r étale N g,r

N ord

g,r parametrize
(ordinary nilpotent indigenous bundle)

N adm

g,r Fp N g,r

N ord

g,r ⊆ N adm

g,r

N g,r N g,r Fp

(g, r) = (1, 1) (g, r) = (0, 4)
Fp generic smooth

(D.) locus
(C.) (N ord

g,r )Fp
Zp Frobenius

(N ord

g,r )Fp
→ (Mg,r)Fp

étale Zp

étale

(N ord

g,r )Zp
→ (Mg,r)Zp

Slog def= (N ord

g,r )Zp

(Mg,r)Zp
X log → Slog

Slog (a.) Frobenius
Φlog

S : Slog → Slog; (b.) Φlog
S Frobenius

X log (P,∇P ) Φlog
S (P,∇P )

Frobenius

Frobenius F∗(P,∇P ) ∼= (P,∇P )
F∗ Φlog

S

(X log)ord
Fp

⊆ X log
Fp

PFp
Hodge section p− section

(X log)ord ⊆ X log mod p
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p (X log)ord Frobenius

(P,∇P ) Hodge section Φlog
S

Frobenius Φlog
X : (X log)ord → (X log)ord

Frobenius X log log admissible
Mg,r

III Frobenius Kähler

(A.) M
μM M μM M

e ∈ M

M c: M

Me: M e
(germ)
N : M c × M (e, e)

(germ)
Ωhol: ΩM N N

Ωant: ΩMc N N

Ωant section de Rham
complex

0 −→ Ωant dhol

−→ Ωant ⊗ON
Ωhol dhol

−→ Ωant ⊗ON
(∧2Ωhol) dhol

−→ . . .

μM M (1,1)-form
section μ dhol μ Poincaré Lemma

dholα = μ α α
e × Me ⊆ N

β : Me → ΩMc,e = Ωc
M,e

β Me Ωc
M,e affine

(B.) Frobenius p k A
Witt W (k) S A d formal scheme log
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A Frobenius ΦA : A → A S Frobenius Φ : S →
S

ΩΦ
def=

1
p
dΦ : Φ∗ΩS/A → ΩS/A

Φ (ordinary)
z ∈ S(k) S k− Rz S z
Rz A[[t1, . . . , td]] Frobenius ΩΦ

rank d Zp- Ωet

(1) Ωet ⊆ ΩS/A Ωet ⊗Zp
Rz

∼= ΩS/A ⊗OS
Rz

(2) ω ∈ Ωet qω
def= Q(ω) Φ−1(qω) = qp

ω

Q : Ωet → R×
z

qω Frobenius Φ

(3) dqω/qω = ω Ωet ω1, . . . , ωd qω1 , . . . , qωd

Sz
def= Spf(Rz) Gd

m Φ

(4) qω = 1 Sz A− z ∈
S(k)

Frobenius

(C.) II. (D.) Frobenius
Mg,r

Frobenius μX μWP

p

p p
(P,∇P )

X → Spec(A)

π1(XK) → PGL2(Zp)

K A crystalline C
PSL2(R)

(D.) Serre-Tate
g = 1, r = 0

Serre-Tate qω
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Serre-Tate Serre-Tate

IV

(A.) Slog = (Mlog

g,r)Zp
D → S

P1-bundle parametrize S formal scheme
P1-bundle crystal formal

scheme D → S Gauss-Manin ∇D (D,∇D)
de Rham cohomology

Sg,r ⊆ D Hodge filtration Hodge subspace
naive renormalized Frobenius
(D,∇D) Frobenius

Faltings Fontaine MF∇

formal scheme
MF∇

MF∇

MF∇ Frobenius π1(S
log
Qp

)

crystalline Slog
Qp

étale
(D,∇D) Frobenius

(D,∇D) Slog
Qp

étale

(N ord

g,r )Zp
→ Slog Frobenius

0 étale Slog

(N ord

g,r )Zp
→ Slog

(D,∇D)
dual proper étale étale

proper (IV.)
proper

open
Zp proper

étale Zp Qp

proper

(B.)

N adm

g,r N ord

g,r

coarse moduli

Corollary
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p g r (Mg,r)Fp

Teichmüller
Hurwitz scheme

Teichmüller Bers C p

(C.)

R: p-divisible p KR

Z
def= Spf(W (R)) Spf p

Zη
def= Spf(W (KR))

T g,r:

. . . (N ord

g,r )Zp
→ (N ord

g,r )Zp
→ (N ord

g,r )Zp
→ (Mg,r)Zp

Frobenius

T g,r → Mg,r

Z− Zη−

Tg,r(Z) → Tg,r(Zη) ×Mg,r(Zη) Mg,r(Z)

log

T g,r → Mg,r proper étale

base Frobenius
Frobenius

(D.) Teichmüller Teichmüller
Teichmüller

Teichmüller Mg,r

ξ ξ ξ
open closed open ξ étale

closed
Teichmüller

Mg,r Mg,r Teichmüller
p
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V

v Mg,r v−

Z Mg,r v Z F1 Z
descent data

descent data Z Mg,r

F1
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